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of 2 is a root of this cubic equation, the theorem stated in 8 implies the impossibility of the duplication of a cube by ruler and compasses. 10. f Cubic
Equations with a Constructive Root. It remains to prove the theorem in 8 from which we have drawn such important conclusions. Suppose that (20)
x3 0a ffx 70 (o, 3, y rational) is a cubic equation having a root Xi such that a line of length Xi or--Xi can be constructed by ruler and compasses. We
shall prove that one of the roots of (20) is rational. The construction is in effect the determination of various points as the intersections of auxiliary
straight lines and circles. Choose rectangular axes of coordinates. The coordinates of the intersection of two straight lines are rational functions of
the coefficients of the equations of the two lines. To obtain the coordinates of the intersection of the straight line y mx b with the circle (x-p)2 y-g)2
r2, we eliminate y and obtain a quadratic equation for x. Thus x, and hencealso y, involves no irrationality (besides irrationalities in m, b, p, g, r)
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